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ABSTRACT 

The development of coal-water slurries as a boiler fuel is rapidly approaching 
commercialization. As distinguished from dilute pipeline slurries, fuel slurries are 
stable, highly-loaded (e.g. 70% dry coal by weight) liquids which can be transported, 
stored, pumped, and burned like residual fuel oil. One of the key technologies required 
to obtain highly-loaded, low-viscosity mixtures is the particle size distribution of the 
coal. Two derivations of the optimum particle-size distribution for minimum slurry 
viscosity are compared and shown to result in equivalent forms. The theory of grinding 
is reviewed, and calculated distributions are presented. Experimentally-determined 
particle-size distributions obtained by both wet and dry grinding in ball mills are given 
and compared with the theoretical grinding results. It is shown that near-optimum 
distributions can be obtained by blending. 

I. INTRODUCTION 

For several years, the Atlantic Research Corporation has been developing coal-water 
slurries as a low-cost liquid boiler fuel. As distinguished from dilute pipeline 
slurries, fuel slurries are stable, highly-loaded (e.g. 70% dry coal by weight) liquids 
which can be transported, stored, pumped, and burned like residual fuel oil. To achieve 
the required rheological properties in highly-loaded suspensions, requires a very 
carefully selected distribution of particle sizes and the incorporation of surface- 
active additives. The subject of particle-size distribution, its optimization and 
control, is the subject of this paper. 

11. OPTIMUM PARTICLE-SIZE DISTRIBUTION 

The rheology of a suspension of particles within a liquid is influenced by a number of 
factors which include the size and the distribution of sizes of the particles, particle 
concentration, particle shape, and surface charge. The effects of surface properties, 
although often very important, do not fall within the scope of this paper. 

The sizing of particles to obtain minimum viscosity of a suspension is closely related 
to the sizing of particles for maximum packing density of powder beds. If we ignore 
liquid-particle and particle-particle surface effects, the particle-size distribution 
resulting in maximum bed density will also result in minimum viscosity for a specified 
particle concentration. Consequently, the large body of literature addressing both 
suspensions and powder beds can be utilized. Areview of the extensive literature will not 
be addressed here; only the work of three authors will be discussed. All of the work will 
be limited to either ideal powder beds consisting of spherical particles with only 
mechanical interactions or ideal suspensions containing spherical particles and within 
which all surface interactions are absent. 

In 1928, Furnas (1) derived a theory for the maximum packing density of bimodal 
mixtures, i.e. a bed containing particles of two discrete particle diameters. Assuming 
that the fractional void volumes, Y , of the individual monomodal beds are identical and 
that the ratio of the two particle diameters is large, the composition of maximum density 



is ob ta ined  i f  t h e  sma l l  p a r t i c l e s  f i l l  t h e  i n t e r s t i c e s  Of t h e  l a r g e  p a r t i c l e s  such t h a t  
t h e  t o t a l  bed volume does  no t  i n c r e a s e .  In a u n i t  c e l l ,  t h e  a b s o l u t e  volume of l a r g e  
p a r t i c l e s  i s  V F i l l i n g  t h e  vo id  volume Y wi th  sma l l  p a r t i c l e s ,  t h e  abso lu te  
volume of  sma14 ; a r t i c l e s  i s  Vs = V ( 1 - Y ) .  The volume r a t i o  of  l a r g e  p a r t i c l e s  t o  smal l  
p a r t i c l e s  i s  l l y  and t h e  void  volume o f  t h e  mixed bed is V 2 .  When t h e  r a t i o  of  the  two  
p a r t i c l e  d i a m e t e r s  i s  g r e a t e r  t han  abou t  50,  t h e  theo ry  i s  i n  good agreement wi th  
expe r imen ta l  d a t a .  For r a t i o s ,  l e s s  t h a n  50,  Furnas  employed expe r imen ta l  d a t a  t o  ob ta in  
g e n e r a l i z e d  r e l a t i o n s h i p s  between v o i d s  i n  t h e  bimodal bed ,  c o n c e n t r a t i o n  of l a r g e  
p a r t i c l e s ,  vo id  f r a c t i o n  i n  t h e  monomodal beds ,  and t h e  p a r t i c l e  d i ame te r  r a t i o .  These 
r e l a t i o n s h i p s  have been g r e a t l y  u t i l i z e d  i n  many i n d u s t r i e s  f o r  d i s c r e t e  p a r t i c l e  
mix tu res .  Both theo ry  and expe r imen t  have subsequen t ly  been ex tended  t o  multimodal 
mix tu res  of  d i s c r e t e  p a r t i c l e s .  

1 - V . 

Andreasen and Andersen i n  1930 ( 2 )  and Furnas  i n  1931 ( 3 )  extended  t h e  theory t o  
con t inuous ly  va ry ing  p a r t i c l e  d i a m e t e r s .  Andreasen and Andersen s t a r t  by approximating 
t h e  cont inuous  d i s t r i b u t i o n  w i t h  a s e r i e s  of p a r t i c l e  s i z e  f r a c t i o n s  i n  which t h e  p a r t i c l e  
d i ame te r s  form a geomet r i ca l  p r o g r e s s i o n .  S t a r t i n g  wi th  t h e  f i n e  f r a c t i o n  they 
s u c c e s s i v e l y  add t h e  c o a r s e r  f r a c t i o n s  i n  such a way t h a t  t h e  amount of  each  f r a c t i o n  added 
i s  p r o p o r t i o n a l  t o  the  amount o f  u n d e r s i z e  a l r e a d y  p r e s e n t :  

where i = 1 d e s i g n a t e s  t h e  s m a l l e s t  s i z e  f r a c t i o n  

Reducing t h e  c o n s t a n t  r a t i o  between s i z e  f r a c t i o n s  t o  a d i f f e r e n t i a l  amount, r e s u l t s  i n  a 
d i f f e r e n t i a l  equa t ion :  

- -  dlnV - n = c o n s t a n t ,  
dlnD 

which upon s o l u t i o n  l e a d s  t o  a c o n t i n u o u s  p a r t i c l e  s i z e  d i s t r i b u t i o n :  

F = cDn 
P 

(2) 

(3 )  

where F = cumula t ive  volume of p a r t i c l e s  s m a l l e r  than D 
c p  = c o n s t a n t  

The somewhat a r b i t r a r y  method by which t h i s  r e s u l t  i s  ob ta ined  i s  j u s t i f i e d  by comparison 
wi th  exper imenta l  d a t a  which i n d i c a t e  t h a t  t h e  exponent n should be i n  t h e  range  of 1 / 3  
- 1 1 2 .  

Apparent ly  independen t ly ,  Furnas  i n  1931 a r r i v e d  a t  a s i m i l a r  b u t  somewhat more 
g e n e r a l  r e s u l t .  H e  a l s o  approximates  t h e  con t inuous  d i s t r i b u t i o n  a s  a geomet r i ca l  s e r i e s  
of  d i s c r e t e  p a r t i c l e  d i a m e t e r s .  D e s i g n a t i n g  t h e  d i ame te r  of  t h e  l a r g e s t  p a r t i c l e s  a s  D/ , 
t h e  s m a l l e s t  a s  D,, and t h e  s i z e  r a t i o  of  s u c c e s s i v e  s i z e  f r a c t i o n s  a s  q (Furnas  used fi 
b u t  h i s  d e r i v a t i o n  i s  a p p l i c a b l e  t o  any c o n s t a n t  v a l u e ) ,  t h e  s i z e  of  each  i n d i v i d u a l  
f r a c t i o n  i s  ( s t a r t i n g  from t h e  f i n e s t  f r a c t i o n ) :  

i-1 ( 4 )  D1 = D s , D 2  = qDs , .  . . D .  = q D . .  . . D  - qN-l  
s e -  Ds 

where N = number of component p a r t i c l e  s i z e s  
I f  q i s  ve ry  l a r g e  ( e . g .  50) ,  t h e  e x t e n s i o n  o f  bimodal theory  t o  multimodal mix tu res  
r e q u i r e s  t h a t  t h e  volume r a t i o  of  each  s i z e  f r a c t i o n  t o  t h e  next  s m a l l e s t  s i z e  f r a c t i o n ,  
R ,  be a c o n s t a n t .  Furnas makes t h e  assumpt ion"  t h a t  t h i s  theorem a l s o  ho lds  f o r  any q ,  
however s m a l l ,  w i th  the  p r o v i s i o n  t h a t  t h e  volume r a t i o  o f  consecu t ive  s i z e  f r a c t i o n s  i s  

9: This  can be shown t o  be e q u i v a l e n t  t o  t h e  b a s i c  assumption employed by Andreasen 
and Andersen 
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no longe r  t h e  same a s  f o r  t h e  optimum m i x t u r e  a t  l a r g e  v a l u e s  o f  q .  Based on t h i s  
assumption,  Furnas o b t a i n s  h i s  e q u a t i o n  f o r  t h e  optimum p a r t i c l e  s i z e  d i s t r i b u t i o n  
which he w r i t e s  as f o l l o w s :  

Furnas d i d  n o t  s p e c i f y  t h e  base  of  h i s  l oga r i thm.  By fo l lowing  h i s  d e r i v a t i o n ,  i t  i s  
r e a d i l y  shown t h a t  t h e  b a s e  i s  e q u a l  t o  q .  Rewr i t ing  t h e  p receed ing  e q u a t i o n  and 
d e f i n i n g  t h e  l o g ' s  a s  t h e  n a t u r a l  l o g a r i t h i m s :  

R ln  D./ lnq 1nD / l n q  
- R  s 

'p)i = F D / l n q  e - RlnDs/lnq 
( 6 )  

Since  aclnb = bc lna  f o r  any v a l u e s  o f  a ,  b ,  and c ,  t h e  p receed ing  e q u a t i o n  can a l s o  be 
w r i t t e n  

,. Dn - Dn 

Fp)i= $-<- 
I -  

( 7 )  

n = l n r / l n q  ( 8 )  
Furnas '  Equat ion 7 i s  a more g e n e r a l  form o f  t h e  Andreasen e q u a t i o n ,  t h e  l a t t e r  be ing  
e q u i v a l e n t  t o  t h e  former f o r  Ds = 0 .  The s i m i l a r i t y  i n  form between t h e  two e q u a t i o n s  i s  
t o  be expec ted  c o n s i d e r i n g  t h e  e q u i v a l e n c e  i n  t h e  b a s i c  a s sumpt ions .  

R i s  e q u a l  t o  l / v  f o r  p a r t i c l e  f r a c t i o n s  s e p a r a t e d  by l a r g e  v a l u e s  of q ,  b u t  a s  q 
becomes s m a l l e r ,  R must d e c r e a s e .  Fu rnas  p r e s e n t s  a method f o r  o b t a i n i n g  t h i s  
r e l a t i o n s h i p .  F i r s t ,  he c o n s i d e r s  t h e  optimum d i s c r e t e  p a r t i c l e -  s i z e  d i s t r i b u t i o n  i n  a 
p a r t i c l e - s i z e  range s p e c i f i e d  by upper  and lower l i m i t s ,  D l  , and D,, r e s p e c t i v e l y .  He 
m a i n t a i n s  t h a t  t h e r e  i s  an optimum number o f  s i z e  f r a c t i o n s  w i t h i n  t h e  s p e c i f i e d  range f o r  
maximum load ing  s i n c e  t h e  volume d e c r e a s e  on mixing p a r t i c l e s  of d i f f e r e n t  s i z e s  becomes 
l e s s  e f f i c i e n t  a s  t h e  p a r t i c l e  d i a m e t e r s  become c l o s e r  t o g e t h e r .  He n e x t  assumes t h a t  t h e  
e x p e r i m e n t a l l y  determined r e l a t i o n s h i p  between t h e  volume d e c r e a s e  and t h e  s i z e  r a t i o  i n  
a b i n a r y  system is t h e  same a s  t h e  r e l a t i o n s h i p  between t h e  o v e r a l l  volume d e c r e a s e  and 
t h e  r a t i o  between c o n s e c u t i v e  s i z e s  i n  an N-component system. The optimum number of  s i z e  
f r a c t i o n s  i s  ob ta ined  by minimizing t h e  o v e r a l l  volume d e c r e a s e  on mixing t h e  s i z e  
f r a c t i o n s  i n  t h e  multicomponent sys t em.  Furnas i s  now ready  t o  o b t a i n  h i s  e x p r e s s i o n  f o r  
R .  He assumes t h a t  t h e  v o l u m e t r i c  r a t i o  o f  t h e  l a r  e s t  p a r t i c l e s  t o  t h e  s m a l l e s t  
p a r t i c l e s  should be  t h e  same f o r  any N and t h e r e f o r e  RN-f sou ld  be  a c o n s t a n t  independent  
o f  q ,  o r  e q u i v a l e n t l y  of  N .  He o b t a i n s  t h i s  c o n s t a n t  f rom h i s  optimum number o f  s i z e  
f r a c t i o n s  ob ta ined  f o r  a s p e c i f i e d  s i z e  r ange .  Combining r e s u l t s ,  t h e  exponent  n i n  
Equat ion 8 ,  i s  found t o  be  a complex f u n c t i o n  o f u  and t h e  r a t i o  D The f i r s t ,  and 
most impor t an t  c o n c l u s i o n ,  i s  t h a t  n i s  independent  o f  q .  T h i s  means t h a t  t h e  d e r i v a t i o n  
i s  a s  v a l i d  f o r  con t inuous  d i s t r i b u t i o n s ,  a s  c la imed b y  Furnas ,  a s  f o r  d i s c r e t e  
d i s t r i b u t i o n s .  The v a l i d i t y  i s  of  c o u r s e  dependent  upon t h e  a s sumpt ions  employed. F o r =  Y 

= 500, t h e  optimum v a l u e  o f  n accord ing  t o  t h e  Furnas a n a l y s i s  i s  c a l c u l a t e d  
0.4  t o  be  and 0.'56. ?IDs 

/ D s .  e 

F a r r i s  ( 4 )  p r e s e n t s  h i s  a n a l y s i s  i n  t e rms  o f  t h e  v i s c o s i t y  behav io r  of mult imodal  
suspens ions  i n  a l i q u i d  i n s t e a d  of  t h e  maximum packing o f  a p a r t i c l e  bed.  He o p t i m i z e s  
t h e  p a r t i c l e  s i z e  d i s t r i b u t i o n  t o  o b t a i n  t h e  minimum v i s c o s i t y  f o r  a g iven  v o l u m e t r i c  
c o n c e n t r a t i o n  of  p a r t i c l e s .  He a l s o  makes an assumption which i s  e q u i v a l e n t  t o  t h a t  made 
by Andreasen and Andersen as r e p r e s e n t e d  i n  Equa t ion  1 and t o  t h a t  made by Furnas i n  
d e r i v i n g  Equat ion 5 .  F a r r i s ,  however,  p r e s e n t s  h i s  arguments  more l o g i c a l l y  and w i t h  an 
improved b a s i s  of e x p e r i m e n t a l  d a t a .  

F a r r i s  noted t h a t  t h e r e  were s e v e r a l  r e f e r e n c e s  i n  t h e  e x p e r i m e n t a l  l i t e r a t u r e  t o  t h e  
f a c t  t h a t  t h e  f i n e r  p a r t i c l e s  i n  a bimodal suspens ion  behave e s s e n t i a l l y  as a f l u i d  toward 
t h e  c o a r s e r  p a r t i c l e s .  To be  more s p e c i f i c ,  i f  t h e  r a t i o  o f  p a r t i c l e  s i z e s  i s  l a r g e  ( e . g .  
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10 o r  g r e a t e r ) ,  t h e  r e s i s t a n c e  t o  mot ion  encoun te red  by a l a r g e  sphe re  i s  t h e  same when 
pass ing  through a suspens ion  o f  s m a l l e r  s p h e r e s  a s  when i t  passes  through a pu re  l i q u i d  
of t h e  same v i s c o s i t y  and d e n s i t y  a s  t h e  suspens ion .  

F a r r i s  f i r s t  s t a r t s  w i t h  t h e  r e l a t i v e  v i s c o s i t y  ( r a t i o  of suspens ion  v i s c o s i t y  t o  
l i q u i d  v i s c o s i t y )  o f  a monomodal sys t em,  which f o r  n o n - i n t e r a c t i n g  s p h e r i c a l  p a r t i c l e s  
has  been  shown e x p e r i m e n t a l l y  t o  be  a unique f u n c t i o n  o f  t h e  volume f r a c t i o n  of s o l i d s .  
He n e x t  adds c o a r s e r  p a r t i c l e s  o f  much l a r g e r  d i ame te r  ( i . e .  q i s  l a r g e )  t o  the  
suspens ion .  Based on t h e  assumpt ion  t h a t  t h e  f i n e s  a c t  l i k e  t h e  l i q u i d ,  he  c a l c u l a t e s  the 
r e l a t i v e  v i s c o s i t y  of t h e  bimodal m i x t u r e  u s i n g  t h e  same form as f o r  t h e  monomodal system. 
By s u c c e s s i v e l y  adding  c o a r s e r  f r a c t i o n s ,  each  l a r g e r  by a l a r g e  f a c t o r  t han  t h e  next 
s m a l l e r  f r a c t i o n ,  he ex tends  h i s  a n a l y s i s  t o  multicomponent d i s t r i b u t i o n s .  

F a r r i s  o b t a i n s  t h e  optimum p a r t i c l e  s i z e  d i s t r i b u t i o n  by d i f f e r e n t i a t i n g  the  
v i s c o s i t y  o f  t h e  suspens ion  w i t h  r e s p e c t  t o  compos i t ion ,  e q u a t i n g  t o  z e r o ,  and so lv ing  
f o r  t h e  compos i t iona l  v a r i a b l e s .  The optimum composi t ion  of  a multicomponent system i s  
expressed  a s  fo l lows :  

i 
where: Q i  = v . 1  c V 

k=o k 
(10 )  

t h  v .  = volume of  i component 

vo = volume of  l i q u i d  

The form of t h i s  s e r i e s  of  N-1  e q u a t i o n s  i s  p e r f e c t l y  s a t i s f a c t o r y  t o  d e f i n e  the  

e q u a t i o n s .  I f ,  however, t h e  N - 1  e q u a t i o n s  a r c  used t o  s o l v e  f o r  N-1  v a l u e s  of  V i  i n  terms 
o f  an Nth v a r i a b l e ,  a p a r t i c l e - s i z e  d i s t r i b u t i o n  can be  c o n s t r u c t e d .  It i s  convenient  t o  
s e l e c t  t he  p a r t i c l e - l o a d i n g ,  g ,  d e f i n e d  a s  t h e  volume of  p a r t i c l e s  d i v i d i e d  by t h e  t o t a l  
volume, a s  t h e  N t h  v a r i a b l e .  A f t e r  c o n s i d e r a b l e  a l g e b r a ,  t h e  f i n a l  equa t ion  i s  a s  
f o l l o w s :  

. optimum compos i t ion .  As i t  s t a n d s ,  however, i t  i s  d i f f i c u l t  t o  compare wi th  o the r  

i 

where 0 = ( 1-9) -l'N (12)  

T h i s  d i s t r i b u t i o n  i s  independent  of  t h e  s i z e  of t h e  i n d i v i d u a l  f r a c t i o n s .  I f  we  s p e c i f y  
s i z e  f r a c t i o n s  wi th  a g e o m e t r i c a l  p r o g r e s s i o n  of p a r t i c l e  d i ame te r s  and minimum and 
maximum p a r t i c l e  d i ame te r s  Ds and Dj , r e s p e c t i v e l y ,  t h e  p receed ing  equa t ion  i s  
t ransformed t o :  

We no te  t h a t  t h e  form of t h e  d i s t r i b u t i o n  e q u a t i o n ,  Eq (141 ,  i s  e x a c t l y  t h e  same a s  t h a t  
g iven  by Furnas ,  Eq. (7). The exponent  d i f f e r s ,  however. For g = 0 . 6 5  and D ID, = 500, 
a va lue  o f  0 .17  i s  c a l c u l a t e d  f o r  n .  e 

The d e r i v a t i o n  j u s t  d e s c r i b e d  i s  based on p a r t i c l e - s i z e  f r a c t i o n s  s e p a r a t e d  by l a r g e  
f a c t o r s ,  t h a t  i s  by l a r g e  v a l u e s  of  q .  F a r r i s  c l a ims  t h a t  h i s  r e s u l t s ,  i . e .  Eqns. ( 9 )  and 
(10 )  a r e  a l s o  a p p l i c a b l e  i n  sys t ems  i n  which t h e r e  i s  an equa l  i n t e r a c t i o n  between 

4 



p a r t i c l e s  o f  a d i f f e r e n t  s i z e .  For i n t e r a c t i n g  p a r t i c l e s ,  F a r r i s  d e f i n e s  a crowding 
f a c t o r  f a s  t h e  f r a c t i o n  of  one s i z e  t h a t  behaves  a s  i f  i t  were t h e  n e x t  l a r g e s t  s i z e .  For 
s p h e r i c a l  p a r t i c l e s  t h a t  i n t e r a c t  on ly  mechan ica l ly :  s i m i l a r i t y  shou ld  a p p l y ,  f shou ld  be 
e q u a l  f o r  a l l  p a r t i c l e  s i z e s ,  and Equat ion  9 w i l l  be a p p l i c a b l e .  Applying a d e f i n i t i o n  of  
f and proceeding  through c o n s i d e r a b l e  a l g e b r a ,  i t  can  be shown t h a t  Equa t ions  13 and 14  
a r e  s t i l l  p e r t i n e n t  and independent  of t h e  v a l u e  o f  f .  ) 

Equat ions  13  and 14 were de r ived  s t a r t i n g  w i t h  a d i s c o n t i n u o u s  p a r t i c l e -  s i z e  
d i s t r i b u t i o n .  In  a r r i v i n g  a t  t h e  f i n a l  form, t h e  f a c t o r  q ,  d e n o t i n g  t h e  s e p a r a t i o n  i n  
s i z e  between s u c c e s s i v e  f r a c t i o n s ,  does  n o t  appea r .  Consequent ly ,  i t  can  be concluded  
t h a t  t h e  r e s u l t s  a r e  e q u a l l y  a p p l i c a b l e  t o  con t inuous  d i s t r i b u t i o n s .  

111. EFFECT OF PARTICLE-SIZE DISTRIBUTION ON VISCOSITY 

I n  t h e  p receed ing  s e c t i o n ,  t h e  concept  t h a t  f i n e  p a r t i c l e s  i n  a suspens ion  behave a s  
a f l u i d  toward c o a r s e r  p a r t i c l e s  was used t o  o b t a i n  an optimum p a r t i c l e -  s i z e  
d i s t r i b u t i o n .  Th i s  same concept  was a l s o  used by F a r r i s  t o  c a l c u l a t e  t h e  viscosity of  
multimodal suspens ions  provided  t h e  p a r t i c l e  s i z e  f r a c t i o n s  a r e  s e p a r a t e d  by l a r g e  
f a c t o r s .  These c a l c u l a t i o n s  can  be ex tended  t o  suspens ions  of  mechan ica l ly  i n t e r a c t i n g  
p a r t i c l e s  ( i . e . ,  t h e  i n d i v i d u a l  s i z e  f r a c t i o n s  a r e  s e p a r a t e d  by sma l l  f a c t o r s ) ,  
p rovided  t h e  crowding f a c t o r s  a r e  known - presumably ob ta ined  e x p e r i m e n t a l l y .  

The v i s c o s i t y  of  coa l -water  suspens ions  i s  g r e a t l y  in f luenced  by s u r f a c e  c h e m i s t r y ,  
which i s  o u t s i d e  t h e  scope  o f  t h i s  pape r .  Consequent ly ,  t h e  v i s c o s i t i e s  c a l c u l a t e d  
ignor ing  t h e s e  e f f e c t s  a r e  of  l i m i t e d  v a l u e ,  and t h e  p r i n c i p a l  v a l u e  of  t h e s e  
c a l c u l a t i o n s  i s  t o  i l l u s t r a t e  q u a l i t a t i v e l y  t h e  e f f e c t  of p a r t i c l e -  s i z e  d i s t r i b u t i o n  on 
v i s c o s i t y .  The v i s c o s i t y  of  a monomodal sys tem is  shown a s  a f u n c t i o n  of  volume f r a c t i o n  
of  s o l i d s  i n  F igu re  1. This  r e l a t i o n s h i p  has  been ob ta ined  e x p e r i m e n t a l l y  for  non- 
i n t e r a c t i n g  r i g i d  s p h e r e s  and i s  v a l i d  f o r  p a r t i c l e s  a s  s m a l l  a s  4 p m  and as l a r g e  a s  
250 p m .  A s  t h e  volume f r a c t i o n  o f  s o l i d s  approaches  0 . 6 0 5 ,  t h e  r e l a t i v e  v i s c o s i t y  ( t h e  
r a t i o  of  t h e  v i s c o s i t y  of t h e  suspens ion ,  t o  t h a t  of t h e  c a r r i e r )  t e n d s  t o  ve ry  h igh  
numbers. Th i s  volume f r a c t i o n  co r re sponds  approximate ly  t o  a s l u r r y  c o n s i s t i n g  of 65% 
by weight  of c o a l  i n  w a t e r .  Also shown are t h e  r e l a t i v e  v i s c o s i t i e s  of  an op t ima l  
bimodal suspens ion .  The r e d u c t i o n  i n  v i s c o s i t y  by us ing  a bimodal suspens ion  is 
a p p a r e n t .  Add i t iona l  r e d u c t i o n s  a r e  ob ta ined  by i n c r e a s i n g  moda l i ty  even f u r t h e r ;  f o r  
a volume f r a c t i o n  of  0 .66  ( co r re spond ing  t o  a 70% s l u r r y  of  c o a l  i n  w a t e r ) ,  r e l a t i v e  
v i s c o s i t i e s  of  i n f i n i t y ,  51,  30, and 23 a r e  c a l c u l a t e d  f o r  monomodal, b imodal ,  t r i m o d a l ,  

\ 

' and t e t r amoda l  m i x t u r e s ,  r e s p e c t i v e l y .  

I V .  PARTICLE-SIZE DISTRIBUTIONS OBTAINED I N  BALL MILLS 

Coal a s  o rde red  from t h e  mine may have a t o p  s i z e  of  5 cm o r  l a r g e r .  The t o p  s i z e  of  
t h e  c o a l  t o  be  employed i n  a f u e l  s l u r r y  i s  t y p i c a l l y  25Wm o r  s m a l l e r .  The p a r t i c l e  s i z e  
m u s t  be r educed ,  t h e r e f o r e ,  by a f a c t o r  o f  a t  l e a s t  200; t h e  f i n a l  p a r t i c l e - s i z e  
d i s t r i b u t i o n  must meet s t r i n g e n t  r equ i r emen t s  a s  no ted  i n  p r i o r  s e c t i o n s ;  and t h e  
comminution must be accomplished i n  an  economical manner.  

The p rocess  employed i n  t h e  l a b o r a t o r y  by t h e  A t l a n t i c  Research  Corpora t ion  s t a r t s  
w i th  a hammer c r u s h e r  w i t h  a c y l i n d r i c a l  g r a t i n g  p laced  benea th  t h e  r o t o r ,  followed by 
a b a l l  m i l l  ope ra t ed  i n  t h e  b a t c h  mode. The c rushed  p roduc t  i s  in t roduced  i n t o  the  b a l l  
m i l l  i n  e i t h e r  d r y  o r  s l u r r y  form. 

The b a l l  m i l l  i s  one of on ly  a number of  d i f f e r e n t  comminution d e v i c e s  which can  be 
used t o  p repa re  pu lve r i zed  c o a l .  I t  has  been s e l e c t e d  f o r  a number of  r easons .  F i r s t ,  
i t  can  ach ieve  t h e  d e s i r e d  r e s u l t s  economica l ly .  Second,  i t  i s  a v a i l a b l e  i n  a range of 
s i z e s  from l a b o r a t o r y  m i l l s  t o  p roduc t ion  m i l l s  w i t h  c a p a c i t i e s  of  hundreds of t ons  pe r  
hour .  T h i r d ,  t h e r e  e x i t s  a wea l th  of  expe r imen ta l  d a t a  which e n a b l e  one t o  p r e d i c t  
per formance ,  p roduc t ion  c o s t s ,  wear and machine l i f e ,  and main tenance .  F i n a l l y ,  
g r i n d i n g  t h e o r i e s  have been developed  and compared w i t h  expe r imen ta l  b a l l  m i l l  r e s u l t s .  
These t h e o r i e s  can be a u s e f u l  a i d  i n  o b t a i n i n g  s p e c i f i c  p a r t i c l e  s i z e  d i s t r i b u t i o n s  and 
w i l l  be d i s c u s s e d  n e x t .  
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Grinding  Theory 

A l a r g e  body o f  l i t e r a t u r e  e x i s t s  on t h e  theo ry  of  gr inding ,much of i t  emanating from 
Pennsylvania  S t a t e  U n i v e r s i t y  (5-7) and from t h e  U n i v e r s i t y  of Utah ( 8 ) .  Most t h e o r i e s  
ag ree  on a b a s i c  e q u a t i o n  f o r  ba t ch  g r i n d i n g  which can  be w r i t t e n  i n  a number of  
d i f f e r e n t  ways. The form used i n  t h i s  work i s  most u s e f u l  i n  o b t a i n i n g  r e s u l t s  w i t h  a 
d i g i t a l  computer.  It i s  conven ien t  t o  t r e a t  t h e  p a r t i c l e  s i z e  d i s t r i b u t i o n  a s  a s e r i e s  
o f  d i s c r e t e  s i z e s  a s  would be o b t a i n e d  i f  a s c e r t a i n e d  by a s e r i e s  of  s c r e e n s .  Consider 
a s e t  of m s c r e e n s ,  t h e  c o a r s e s t  s c r e e n  be ing  d e s i g n a t e d  by 1 and t h e  f i n e s t  by m .  The 
s i z e  of  t h e  i th  s c r e e n  i s  d e s i g n a t e d  by i t s  a p e r t u r e  x i .  A c o n s t a n t  s c r e e n  r a t i o ,  q ,  i s  
used so t h a t  x i - i / x i  = q .  M a t e r i a l  which i s  r e t a i n e d  on sc reen  i a f t e r  pas s ing  through 
sc reen  i-1 has  a s i z e  range  from x i  t o  x i -1  and has  a weight Wi ( t )  a t  t i m e  t .  This 
m a t e r i a l  w i l l  be r e f e r r e d  t o  a s  b e i n g  of s i z e  x i .  The breakage  e q u a t i o n s  r e p r e s e n t i n g  
weights  i n  f r a c t i o n a l  form a r e :  

a w i ( t )  i=l  
~ b , , k . W . ( t )  - kiWi(t)  

d t  j=1 1J J J 
(15)  

where W ( t )  = f r a c t i o n a l  weight  p a s s i n g  f i n e s t  s c r e e n  R 
k .  = r a t e  c o n s t a n t  = dlnW./d t  

b . .  = breakage  f u n c t i o n  = f r a c t i o n  of  m a t e r i a l  ob ta ined  
1 J  by pr imary  b reakage  of s i z e  j r e t a i n e d  on s c r e e n  i .  

I n  t h e  g e n e r a l  c a s e ,  k i  i s  a f u n c t i o n  o f  b o t h  t ime and s i z e  x i .  The m2 v a l u e s  of  b i .  
a r e  f u n c t i o n s  of t h e  two s i z e s ,  x i  and x '  c a s e s  (which must be a s c e r t a i n e d  
by comparison wi th  e x p e r i m e n t ) ,  k; i s  inde'pendent o f  t i m e  and p r o p o r t i o n a l  to x i ,  and b i j  
i s  a normal ized  f u n c t i o n  which can  be f i t  by t h e  fo l lowing  e q u a t i o n :  

r 
In c e r t a i n  

where y i s  an  e m p i r i c a l l y  de t e rmined  c o n s t a n t  

Combining t h e  r e s t r i c t e d  e q u a t i o n s  f o r  k i  and b . .  w i t h  t h e  d i f f e r e n t i a l  e q u a t i o n ,  
pe rmi t s  one to  s o l v e  fob  p a r t i c l e  s i z e  and p a r t i c l e  size d i s t r i b u t i o n  a s  a f u n c t i o n  of 
t ime .  Conver t ing  t o  f i n i t e  d i f f e r e n c e  form,  and employing a fou r th -o rde r  Runge-Kutta 
numer i ca l  s o l v e r ,  t h e  e q u a t i o n s  have been  programmed f o r  a d i g i t a l  computer.  Input  
v a l u e s  a r e  t h e  number of  s i e v e s ,  t h e  s c r e e n  r a t i o ,  q ,  t h e  f r a c t i o n a l  weights  i n i t i a l l y  
on e a c h  s c r e e n ,  and t h e  c o n s t a n t  y . The o u t p u t  c o n s i s t s  of t h e  f r a c t i o n a l  weights  on each  
s c r e e n  a t  gene ra l i zed  t imes,  a ' t ,  where a i s  e q u a l  t o  t h e  r a t i o  k i x l / x i .  

1.1 

P a r t i c l e - s i z e  d i s t r i b u t i o n s  o b t a i n e d  from b a l l  m i l l s  o f t e n  f i t  a Rosin- Rammler- 
equa t ion :  Bennet t  (RRB 

FP). 
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where D = d iame te r  

b' D50 = 
= c o n s t a n t s  

50% by volume of  p a r t i c l e s  a r e  s m a l l e r  
R t han  t h i s  d i ame te r  

50 

This  d i s t r i b u t i o n  o f  p a r t i c l e  d i ame te r s  ex tends  from z e r o  t o  i n f i n i t y ,  and ,  f o r  
p r a c t i c a l  purposes ,  must be t r u n c a t e d .  I n  o b t a i n i n g  RRB f i t s  of e i t h e r  computer r e s u l t s  
o r  expe r imen ta l  d a t a ,  on ly  p o i r t s  f a l l i n g  w i t h i n  t h e  range 0 .05  < Fp .97 a r e  used .  ' < 

1 Typica l  r e s u l t s  of  p a r t i c l e - s i z e  d i s t r i b u t i o n s  a s  p r e d i c t e d  by t h e  t h e o r e t i c a l  
model a r e  g iven  i n  F igure  2 .  
3 .  
s e l e c t e d .  

An e m p i r i c a l  c o r r e l a t i o n  of  D50 v a l u e s  i s  shown i n  F igu re  
P r e d i c t e d  r e c i p r o c a l  D50 v a l u e s  a r e  l i n e a r  w i th  t i m e ,  based on t h e  breakage  f u n c t i o n  

Exper imenta l  Resu l t s  

Coal-water s l u r r i e s  can  be  made from a wide range  of  c o a l s .  Although c o a l s  of  lower 
r anks  can be  employed, b i tuminous  c o a l s  have r e c e i v e d  t h e  g r e a t e s t  a t t e n t i o n .  Typ ica l  
c o a l s  have v o l a t i l e  c o n t e n t s  between 25 and 40% and Hardgrove i n d i c e s  between 40 and 80. 
Approximately 30 such c o a l s  have been i n v e s t i g a t e d  thus  f a r .  Only a s i n g l e  c o a l  w i l l  be 
d i s c u s s e d  h e r e ;  one wi th  35% v o l a t i l e  m a t t e r ,  6% a s h ,  and a Hardgrove index  of  41. I t  
can  be  cons ide red  a t y p i c a l  c o a l  excep t  f o r  t h e  g r i n d a b i l i t y  index .  Cons ide rab le  
sav ings  a r e  ob ta ined  by us ing  c o a l s  w i t h  l a r g e r  Hardgrove i n d i c e s .  

; 

, 
P a r t i c l e - s i z e  d i s t r i b u t i o n  cu rves  a r e  de te rmined  by wet s i e v i n g  and by Fraunhofer  

p l a n e  d i f f r a c t i o n  f o r  sub-s ieve  s i z e s .  A Malvern Model 2200 p a r t i c l e  s i z e r  and Model 
ET1800 ana lyze r  i s  used f o r  p a r t i c l e s  i n  t h e  range  of  1 . 2  - 1 1 8 ~  m .  

P r i o r  t o  b a l l  m i l l i n g ,  t h e  c o a l  i s  c rushed  i n  a Holmes Bros. Model 201 c r u s h e r  w i t h  
g r a t e s  con ta in ing  1 .6  mm d iame te r  h o l e s .  A s i z e  d i s t r i b u t i o n  curve  f o r  t h e  product  is 
shown i n  F igu re  4 and 5 .  The cu rve  f i t s  t h e  RRB equa t ion  w i t h  a D50 of 2 0 4 p  and a v a l u e  
of 0.96 f o r  1 . Values of 1 a r e  more meaningfu l  when expres sed  a s  a r a t i o  of  D80/D50, 
t h e  conve r s ion  equa t ion  b e i n g :  

(19 )  

For t h e  c rushed  c o a l ,  t h e  r a t i o  D80/D50 i s  equa l  t o  2 . 4  and the  D80 i s  4 9 4 m .  

A j a r  m i l l  wi thout  l i f t e r s ,  21 .3  cm i n  d i a m e t e r ,  and 1 6 . 5  cm long  i s  r o t a t e d  a t  60 
rpm (70% of c r i t i c a l  speed)  wi th  g r i n d i n g  media c o n s i s t i n g  of  s t e e l  b a l l s  1 .59  cm i n  
d i ame te r .  The empty volume of  t h e  j a r  i s  5800 cm3, t h e  b a l l  charge  has  a bu lk  volume of 
2900 cm3 (50% l o a d i n g ) ,  and t h e  vo id  volume w i t h i n  t h e  b a l l  bed i s  1150 cm3. The volume 
o f  d ry  c o a l  or s l u r r y  in t roduced  a s  a charge  t o  t h e  m i l l  i s  equa l  t o  t h e  void  volume, 1150 
cm3. 

The change i n  p a r t i c l e - s i z e  d i s t r i b u t i o n  w i t h  d r y  m i l l i n g  i s  shown i n  F igu re  4 .  
F igu re  5 shows t h e  r e s u l t s  f o r  w e t  m i l l i n g  i n  a s l u r r y  c o n s i s t i n g  of  equa l  p a r t s  of  c o a l  
and water  and c o n t a i n i n g  two p a r t s  o f  a petroleum-based s u r f a c t a n t  pe r  thousand p a r t s  of  
c o a l .  These r e s u l t s  were s t a t i s t i c a l l y  f i t t e d  t o  t h e  RRB e q u a t i o n ;  t h e  r e s u l t i n g  RRB 
cu rves  a r e  a l s o  shown i n  F i g u r e s  4 and 5 .  Using t h e  RRB equa t ions  which b e s t  r e p r e s e n t  
t h e  d a t a ,  t h e  D50 v a l u e s  were c a l c u l a t e d ;  r e c i p r o c a l  v a l u e s  a r e  p l o t t e d  a g a i n s t  time i n  
F igu re  6 .  The D50 v a l u e s  a s  w e l l  a s  t h e  d i s t r i b u t i o n s  a r e  we l l  r e p r e s e n t e d  by t h e  
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. t h e o r e t i c a l  m i l l i n g  e q u a t i o n s  wi th  Y = 2 f o r  bo th  w e t  and d ry  m i l l i n g  and wi th  a = 4.0  
s-1 f o r  d r y  m i l l i n g  and a = 9 . 3  s-l f o r  w e t  m i l l i n g .  A comparison o f  t he  r a t e  Cons tan t s  
f o r  w e t  and d r y  m i l l i n g  show t h a t  t h e  former i s  t h e  l a r g e r  by  a f a c t o r  of more than  two. 

Although the  m i l l i n g  r e s u l t s  shown h e r e  a r e  we l l - r ep resen ted  by s imple  breakage 
f u n c t i o n s ,  such  i s  n o t  always t h e  c a s e .  More compl ica ted  f u n c t i o n s  a r e  r e q u i r e d  f o r  
d i f f e r e n t  c o a l s  and d i f f e r e n t  b a l l  m i l l  c o n d i t i o n s .  

Ob ta in ing  The Optimum D i s t r i b u t i o n  

One method of p rocess ing  coa l -wa te r  s l u r r i e s  i s  t o  b l end  d r y  m i l l e d  c o a l  w i th  a 
s l u r r y  of  wet m i l l e d  c o a l .  For  example,  combining two p a r t s  of d r y  mi l l ed  c o a l  wi th  
t h r e e  p a r t s  of  a 50% s l u r r y  r e s u l t s  i n  a s l u r r y  c o n t a i n i n g  70% c o a l .  A b lend  c a r r i e d  out  
i n  t h i s  r a t i o  us ing  t h e  50% s l u r r y  m i l l e d  f o r  60 minu tes  and d r y  c o a l  m i l l e d  f o r  20 
minutes  has  t h e  p a r t i c l e - s i z e  d i s t r i b u t i o n  shown i n  F i g u r e  7 .  A comparison i s  made w i t h  
an optimum d i s t r i b u t i o n  c a l c u l a t e d  acco rd ing  t o  Equat ion  13  wi th  De = 140,  Ds = 2 . 5 ,  and 
n = 0 .24 .  The b lend  of  t h e  c o a r s e  d r y  m i l l e d  c o a l  (D5o = 5 6 p m )  and t h e  f i n e r  wet-milled 
c o a l  (D50 = 1 1 p  m) r e s u l t s  i n  a near-optimum b lend  w i t h  a D50 = 19pm.  Th i s  b l end  of 
a coa r se  and a f i n e  g r ind  t o  o b t a i n  an  optimum d i s t r i b u t i o n  i s  sometimes c a l l e d  a bimodal 
b l end  even though t h a t  d e s i g n a t i o n  i s  more a p p r o p r i a t e l y  l i m i t e d  t o  d i s t r i b u t i o n s  wi th  
two maxima. 

V. CONCLUSIONS 

The optimum p a r t i c l e - s i z e  d i s t r i b u t i o n s  f o r  minimum v i s c o s i t y  o r  maximum packing  
d e n s i t y  a s  de r ived  by Furnas  and by F a r r i s  have been shown t o  be  e q u i v a l e n t  i n  form, 
namely Equat ion  7 .  Fu rnas '  e q u a t i o n  f o r  t h e  exponen t ,  n ,  d i f f e r s  somewhat from F a r r i s '  
e q u a t i o n ,  t h e  l a t t e r  b e i n g  p r e f e r r e d .  These  e q u a t i o n s  have  been  found t o  be  ve ry  ' 
v a l u a b l e  i n  t h e  fo rmula t ion  of  coa l -water  s l u r r i e s .  I t  i s  n o t  p o s s i b l e  t o  p r e d i c t  t h e  
v i s c o s i t y  o f  t hese  s l u r r i e s  from knowledge on ly  of p a r t i c l e  s i z e s  because  of t he  
importance of  s u r f a c e  chemis t ry  and t h e  i n f l u e n c e  on t h e  chemis t ry  o f  c e r t a i n  a d d i t i v e s  
which which have been found u s e f u l  i n  s l u r r y  development.  

Near-optimum d i s t r i b u t i o n s  of  p a r t i c l e  s i z e  can  be ob ta ined  by b l end ing  p roduc t s  
o b t a i n e d  by b a l l  m i l l s  even though t h e  i n d i v i d u a l  d i s t r i b u t i o n s  ob ta ined  from these  
m i l l s  a r e  no t  optimum. Comminution i n  b a l l  m i l l s  can  be d e s c r i b e d  t h e o r e t i c a l l y ;  t h e s e  
t e c h n i q u e s ,  de r ived  from t h e  l i t e r a t u r e ,  a r e  u s e f u l  i n  i n t e r p o l a t i n g  and e x t r a p o l a t i n g  
r e s u l t s  . 
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VII. NOMENCLATURE 

Particle-Size Distribution 

D = particle diameter 
f = crowding factor defined by Farris 
g = volume fraction of solids in a slurry 
Fp(D) 
N = number of component particle sizes 
R = ratio of absolute volume of particles present in consecutive 

q = diameter ratio between consecutive size fractions 
V = volume 
V = void volume 
4 = volume ratio defined by Farris, Equation 10 

Subs cr i p t s 

cumulative volume of particles smaller than D 

size fractions. 

i =  designates size fractions; 1 is the smallest fraction 
1 = designates largest diameter present 
s = designates smallest diameter present 
50,80 = designate the volume percentage of  particles smaller 

than specified diameter. 
Grinding 

bij = breakage function 
k = breakage rate constant 
m = number of sieves 
t = time 
Wi = weight of material retained on the ith sieve 
xi = aperture of the ith sieve size 
Y = constant in Equation 17 

= constant in RRB distribution function, Equation 18 

Subscripts 
i = designates sieves of different sizes, 1 being the 

largest sieve 
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